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1 For 1D heat equation[4, 1]

1.1 PDE and discretization

Consider the one-dimensional heat equation:

∂u

∂t
= α

∂2u

∂x2
, α > 0,

on a spatial domain (for example x ∈ [0, L]) with boundary conditions and an initial condition
u(x, 0) = u0(x).

Introduce a uniform spatial grid xi = i∆x and time levels tn = n∆t. Let uni denote the
numerical approximation to u(xi, t

n). Using the forward difference in time and the central
difference in space (the FTCS scheme[3]), the discrete update reads

un+1
i − un

i

∆t
= α

un
i+1 − 2un

i + un
i−1

(∆x)2
.

Rearranging,

un+1
i = un

i + r
(
un
i+1 − 2un

i + un
i−1

)
, r :=

α∆t

(∆x)2
. (1)

The dimensionless parameter r is often called the Fourier (or diffusion) number.

1.2 von Neumann (Fourier) stability analysis

To assess linear stability of the scheme (1), we perform a von Neumann analysis. Assume the
numerical error (or a Fourier mode of the solution) can be written as a single Fourier mode

un
i = Gneikxi ,

where k is the wave number, G is the amplification factor (generally complex), and i =
√
−1.

Substitute this ansatz into the update (1). Using xi = i∆x,

Gn+1eikxi = Gneikxi + r
(
Gneikxi+1 − 2Gneikxi +Gneikxi−1

)
.

Divide both sides by Gneikxi (assuming G ̸= 0):

G = 1 + r
(
eik∆x − 2 + e−ik∆x

)
.

Using eiθ + e−iθ = 2 cos θ, we get

G = 1 + r
(
2 cos(k∆x)− 2

)
= 1− 2r

(
1− cos(k∆x)

)
.

Because 1− cos θ = 2 sin2(θ/2), this becomes

G = 1− 4r sin2
(
k∆x
2

)
. (2)

Observe that for this scheme G is real (no imaginary part) and depends on k∆x only through
sin2. For stability, every Fourier mode must not grow in magnitude with time; i.e. we require

|G| ≤ 1 for all wave numbers k.
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1.3 Determining the stability condition

From (2) we have G real. The largest possible magnitude of the decrement 4r sin2(k∆x
2 ) occurs

when sin2(k∆x
2 ) is maximal, i.e. equals 1. Hence the most restrictive case is

Gmin = 1− 4r.

Requiring |G| ≤ 1 for all modes implies both

G ≤ 1 (always true here since sin2 ≥ 0)

and
G ≥ −1.

Thus the stability requirement reduces to

1− 4r ≥ −1 =⇒ −4r ≥ −2 =⇒ r ≤ 1
2 .

Additionally, because ∆t ≥ 0 and α > 0, we have r ≥ 0. Combining both bounds gives

0 ≤ r ≤ 1
2 .

Recalling the definition of r, the stability condition is

α∆t

(∆x)2
≤ 1

2

or equivalently

∆t ≤ (∆x)2

2α
.

For the explicit forward-in-time, central-in-space finite-difference scheme applied to the 1D
heat equation, von Neumann stability analysis yields the necessary and sufficient requirement

α∆t

(∆x)2
≤ 1

2
,

i.e. ∆t ≤ (∆x)2/(2α). When this condition holds the scheme is stable; otherwise the numerical
solution exhibits unbounded growth.
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2 For the 1D Wave Equation[5, 2]

2.1 Governing Equation and discretization

The one-dimensional wave equation is given by:

∂2u

∂t2
= c2

∂2u

∂x2
(3)

where u(x, t) is the displacement and c is the wave propagation speed.
We discretize the spatial and temporal domains as:

xi = i∆x, tn = n∆t

and approximate the derivatives using central differences.
The second-order spatial derivative is approximated as:

∂2u

∂x2
≈

uni+1 − 2uni + uni−1

(∆x)2
(4)

The second-order temporal derivative is approximated as:

∂2u

∂t2
≈

un+1
i − 2uni + un−1

i

(∆t)2
(5)

2.2 Discrete update equation

Substituting these approximations into the wave equation gives:

un+1
i − 2uni + un−1

i

(∆t)2
= c2

uni+1 − 2uni + uni−1

(∆x)2
(6)

Rearranging, we obtain the explicit update formula:

un+1
i = 2uni − un−1

i + r2(uni+1 − 2uni + uni−1) (7)

where the non-dimensional parameter r is the Courant number :

r =
c∆t

∆x
(8)

2.3 Von Neumann Stability Analysis

We assume a trial solution of the form:

uni = Gneikxi (9)

where G is the amplification factor and k is the wavenumber.
Substituting this into the finite difference scheme:

Gn+1eikxi = 2Gneikxi −Gn−1eikxi + r2Gn(eikxi+1 − 2eikxi + eikxi−1) (10)

⇒ Gn+1 = 2Gn −Gn−1 + 2r2Gn(cos(k∆x)− 1) (11)

2.4 Characteristic Equation

Assuming Gn = λn, we get:

λ2 − 2λ[1− r2(1− cos(k∆x))] + 1 = 0 (12)

For stability, the magnitude of all possible amplification factors must satisfy:

|λ| ≤ 1 (13)
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2.5 Stability Condition

This requirement is satisfied only if:
r ≤ 1 (14)

or equivalently,

∆t ≤ ∆x

c
(15)

The above condition is known as the Courant–Friedrichs–Lewy (CFL) condition for
the wave equation. It implies that the numerical domain of dependence must encompass the
physical domain of dependence of the PDE. If r > 1, the numerical solution becomes unstable,
leading to exponentially growing errors.
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